In this paper, we calculated the B → (J/Ψ, η c )K decays in the perturbative QCD approach with the inclusion of the partial next-to-leading order (NLO) contributions. We found that (a) when the large enhancements from the known NLO contributions are taken into account, the NLO pQCD predictions for the branching ratios are the following: Br(B 0 → J/ΨK 0 ) = 5.2 
I. INTRODUCTION
The B → J/ΨK and B → η c K decays are phenomenologically very interesting decay modes and have drawn a great attention for many years. Although the underlaying weak decay of b → ccs is simple, but a clear understanding of the exclusive B → (J/Ψ, η c )K decays is really difficult because of the involving of the complex strong-interaction effects.
On the experiments side, the experimental studies for the "Golden-plated" B → J/ΨK S,L decays result in the precision measurement of sin 2β [1] . The branching ratios of B → (J/Ψ, η c )K decays and other similar decays involving a charmonium and a light pseudo-scalar or vector meson as the two final state meson, have been measured with good or high precision [1, 2] : 
The accuracy of above measurements will be improved rapidly along with the running of the relevant LHC experiments. On the theory side, such B meson charmonia decays have been studied intensively by employing various theoretical methods or approaches, for example, in Refs. [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] . But unfortunately, it is still very difficult to give an satisfactory explanation for the corresponding data without the worry about the serious problems.
For B → J/ΨK decay, for example, the theoretical predictions for its branching ratio in both the naive factorization approach (NFA) [4] and the QCD factorization (QCDF) approach [14] are much smaller (a factor of 7 ∼ 10 ) than the measured values [5] : Br(B → J/ΨK) ∼ 1.1 × 10 −4 when the twist-2 distribution function (DA) φ J/Ψ (x) = 6x(1 − x) was employed [5] .
In Ref. [6] , the authors studied the effects of twist-3 DA φ K σ and found that the resultant enhancement to the Wilson coefficient a 2 (J/ΨK) and consequently to the branching ratio Br(B → J/ΨK), induced through the spectator diagram, can be large. But one should note that there are also logarithmic divergences arising from spectator interactions due to kaon twist-3 effects, this is always a serious problem in the QCDF approach.
In Refs. [8, 9] , the authors studied the decays B → (η c , η ′ c , χ c0 , χ c1 )K in the QCDF approach and found that (a) the logarithmic divergences will arise from the spectator interactions due to the kaon twist-3 effects; and (b) the predicted decay rate is Br(B → η c K) = 1.9 × 10 −4 , which is still a factor of 5 smaller than the measured value in Eq.(2). They concluded that the QCDF approach with its present version can not be safely applied to exclusive decays of B meson into charmonia [9] .
The B → J/ΨK decays have also been investigated by employing the QCD lightcone sum rules (LCSR) [10] . The authors calculated the nonfactorizable contributions to the B → J/ΨK decay coming from the exchanges of the soft gluons between the emitted J/Ψ and the kaon. But their predictions for branching ratios is still too small, Br(B → J/ΨK) ∼ 3.3 × 10 −4 , to accommodate the data. In Refs. [12, 13] , the authors studied B → (J/Ψ, η c , χ c0,c1 )K ( * ) decays in a formalism that combines the QCDF factorization and the perturbtive QCD (pQCD) approaches [11] . They employed the QCDF approach to calculate the factorizable contribution, but the pQCD approach to evaluate the nonfactorizable corrections to the considered decays. According to their studies [12, 13] we see that (a) the theoretical predictions for the branching ratios of B → (J/Ψ, χ c0,c1 )K decays can be large and consistent with the data; (b) the B → η c K decays still exhibit a puzzle: the predicted result is Br(B → η c K) ≈ 2.3 ×10 −4 , much smaller than the measured values as given in Eq. (1). Furthermore, it should be mentioned that these results [12, 13] were obtained by treating one decay with two different factorization approaches: the self-consistency of such "mixing-approach" may be a serious problem.
Up to now, a clear and satisfactory theoretical interpretation for the measured large decay rates of B → (J/Ψ, η c )K are still absent. We call this situation the "B → (J/Ψ, η c )K" puzzle. In this paper, we will calculate the branching ratios and CP-violating asymmetries of the four B → (J/Ψ, η c )K decays by employing the pQCD factorization approach: (a) we evaluate both the factorizable and nonfactorizable contributions in the pQCD approach; (b) besides the full leading order (LO) contributions in the pQCD approach, the currently known next-to-leading order (NLO) contributions [15] (specifically the QCD vertex corrections for the considered decays) are also included.
The paper is organized as follows: in Sec. II, we firstly present the formalism of the pQCD approach, and then make the analytic calculations and show the decay amplitudes for the considered decays. In Sec. III, we show the numerical results and compare them with the measured values. A short summary and some conclusions are given in the last section.
II. FORMALISM AND PERTURBATIVE CALCULATIONS

A. Formalism
In recent years, the pQCD factorization approach has been used frequently to calculate various B meson decay channels. For the two body charmless hadronic B meson decays the pQCD predictions for the branching ratios and CP-violating asymmetries generally agree well with the measured values [16, 17, 18, 19, 20, 21] . In Ref. [22] , the authors calculated
and B s → D ( * )+ D ( * )− decays and found that the pQCD approach works well for such decays. In a previous paper [23] , the B → J/ΨK decays have been studied by employing the pQCD approach at leading order. Here we try to apply the pQCD approach to calculate the B → (J/Ψ, η c )K decays with the inclusion of the NLO corrections.
In pQCD approach, the decay amplitude of B → M 2 M 3 decays 1 can be written conceptually as the convolution,
where the term "Tr" denotes the trace over Dirac and color indices. 
respectively, where r = m M 2 /m B , and the light pseudo-scalar meson masses
Putting the light (anti-) quark momenta in B and M 3 mesons as k 1 and k 3 , respectively, we can choose
For M 2 , the momentum fraction of c quark is chosen as x 2 P 2 . Then, the integration over k 1 , k 2 , and k 3 in Eq.(3) will lead to
where b i is the conjugate space coordinate of k iT , and t is the largest energy scale in function H(x i , b i , t). The large logarithms ln(m W /t) are included in the Wilson coefficients C(t). The large double logarithms (ln 2 x i ) on the longitudinal direction are summed by the threshold resummation [24] , and they lead to S t (x i ) which smears the end-point singularities on x i . The last term, e −S(t) , is the Sudakov form factor which suppresses the soft dynamics effectively [25] . Thus it makes the perturbative calculation of the hard part H applicable at intermediate scale, i.e., m B scale.
For the considered decays, the weak effective Hamiltonian H ef f for b → s transition can be written as
where C i (µ) are Wilson coefficients at the renormalization scale µ and O i are the fourfermion operators: where α and β are the SU(3) color indices; L and R are the left-and right-handed projection operators with L = (1 − γ 5 ), R = (1 + γ 5 ). The sum over q ′ runs over the quark fields that are active at the scale µ = O(m b ), i.e., q ′ ǫ{u, d, s, c, b}. In PQCD approach, the scale "t" appeared in the Wilson coefficients C i (t), the hardkernel H(x i , b i , t) and the Sudakov factor e −S(t) is chosen as the largest energy scale in the gluon and/or the quark propagators of a given Feynman diagram, in order to suppress the higher order corrections and improve the reliability of the perturbative calculation. Here, the scale "t" may be larger or smaller than the m b scale. In the range of t < m b or t ≥ m b , the number of active quarks is N f = 4 or N f = 5, respectively. For the Wilson coefficients C i (µ) and their renormalization group (RG) running, they are known at NLO level currently [26] . The explicit expressions of the LO and NLO C i (m B ) can be found easily, for example, in Refs. [26, 27] .
When the pQCD approach at leading-order are employed, the leading order Wilson coefficients C i (m W ), the leading order RG evolution matrix U(t, m) (0) from the high scale m down to t < m and the leading order α s (t) are used:
where
When the NLO contributions are taken into account, however, the NLO Wilson coefficients C i (m W ), the NLO RG evolution matrix U(t, m, α) ( see Eq. (7.22) in Ref. [26] ) and the α s (t) at two-loop level will be used:
GeV, we will get Λ (4) QCD = 0.287 GeV (0.326 GeV) for LO (NLO) case. As discussed in Ref. [20] , it is reasonable to choose µ 0 = 1.0 GeV as the lower cut-off of the hard scale t. In the numerical integrations we will fix the values C i (t) at C i (1.0) whenever the scale t runs below the scale µ 0 = 1.0 GeV [20, 21] , unless otherwise stated.
B.
B → J/ΨM 3 decays at leading order
At the leading order pQCD approach, as illustrated in Fig. 1 , the relevant Feynman diagrams for the considered decays include the factorizable emission diagrams (Figs.1a  and 1b) and the non-factorizable spectator ones (Figs.1c and 1d) . The operators O 1,2 , 
where r 0 = m K 0 /m B , and C F = 4/3 is a color factor. The hard function h e , the scales t i e and the Sudakov factors S ab are displayed in Appendix A. Now we consider the contributions of the operators O 5,6,7,8 in the Fig.1 . In some decay channels, some of these operators contribute to the decay amplitude in a factorizable way. Since only the vector part of (V + A) current contribute to the vector meson production,
For the non-factorizable diagrams 1(c) and 1(d), all three meson wave functions are involved. The integration of b 3 can be performed using δ function δ(b 3 − b 1 ), leaving only integration of b 1 and b 2 . For the (V − A)(V − A) operators, the corresponding decay amplitude is
where r c = m c /m B and m c is the mass for c quark.
For some decay channels, the (S − P )(S + P ) operators can be obtained from the (V − A)(V + A) operators by making the Fierz transformation, in order to get right color and flavor structure for factorization to work. For these (S − P )(S + P ) operators, the corresponding decay amplitude can be written as
For B → J/ΨM 3 decays, by combining the contributions from different Feynman diagrams, the total decay amplitude can be written as
where a i is the combination of the Wilson coefficients C i :
where C 2 ∼ 1 is the largest one among all Wilson coefficients.
Following the same procedure as for B → J/ΨK decays, it is straightforward to calculate the decay amplitudes for B → η c M 3 decays.
where the functions F
, etc, are of the form
where φ v ηc is the leading twist-2 part of the distribution amplitude for the pseudo-scalar meson η c .
(h)
D. NLO contributions in pQCD approach
For a general B → M 2 M 3 decays, the power counting in the pQCD factorization approach [15] is different from that in the QCD factorization [14] . In the pQCD approach, the NLO contributions may include the following parts [15, 20] :
1. The Wilson coefficients C i (m B ) and the renormalization group evolution matrix U(t, m, α) at the NLO level, and the α s (t) at the two-loop level [26] should be used.
2. All the Feynman diagrams, which lead to the decay amplitudes proportional to α 2 s (t), should be considered.
3. Currently known NLO contributions: (a) the vertex corrections; (b) the contributions from the quark-loops and the chromo-magnetic penguins (O 8g ), as illustrated in Fig. 2. 4. The NLO contributions can also come from the Feynman diagrams as shown in the Figs. 5-7 in Ref. [20] . The analytical calculations for these (more than 100!) Feynman diagrams have not been completed yet.
For the considered B → J/ΨK and η c K decays, only the vertex corrections (see Fig.2a-2d ) among the known NLO contributions will contribute. For the four vertex correction diagrams Fig.2a-2d , as was confirmed in Ref. [6] , the infrared divergences from the soft gluons and collinear gluons in the four diagrams will be canceled each other, respectively. So the total contributions of these four figures are infrared finite. In other words, these vertex corrections can be calculated without considering the transverse momentum effects of the quark at the end-point region in collinear factorization theorem. Therefore, there is no need to employ the k T factorization theorem here. The vertex corrections to the B → J/ψK decays, denoted as f I in QCDF, have been calculated in the NDR scheme [5, 6] , and can be adopted directly. Their effects can be combined into the Wilson coefficients associated with the factorizable contributions: 
with the function f I ,
where r 2 = m J/Ψ /m B and those terms proportional to r For B → η c K decays, it is easy to obtain the corresponding NLO vertex corrections from those Wilson coefficients in Eqs. (20) (21) (22) , by the replacement of the parameter f J/Ψ and r 2 (J/Ψ) in f I with f ηc and r 2 (η c ) [9] , respectively.
Since both B → J/ΨK and η c K are color-suppressed decays, the Wilson coefficient a 2 in general plays the dominate role. It is instructive to check the variation of a 2 at LO or NLO level, with or without the inclusion of the NLO vertex corrections. From Figs.3a and 3b, one can see that (a) the µ-dependence of a 2 (J/ΨK) and a 2 (η c K) are very similar; (b) the µ-dependence of a 2 is decreased effectively due to the inclusion of the NLO vertex corrections; and (c) the vertex correction provides a large imaginary part to a 2 , and therefore an effective enhancement of |a 2 | due to the vertex correction is expected.
III. NUMERICAL RESULTS AND DISCUSSIONS
A. Branching ratios
The input parameters and the wave functions to be used in the numerical calculations are given in Appendix B.
Firstly, we find the pQCD predictions for the corresponding form factors at zero momentum transfer:
for f B = 0.19 GeV, and ω b = 0.40 ± 0.04GeV. It agrees very well with that obtained in QCD sum rule calculations [28] . Now we calculate the branching ratios for those considered decay modes. With the complete decay amplitudes, we can obtain the decay width for the considered decays, Table I , as a comparison, we also cite the typical theoretical predictions obtained previously by using various approaches or models [5, 6, 9, 10] .
In the last column of Table I , we list the world averages of the experimental measurements [1, 2] . One can see that the LO pQCD predictions for the branching ratios are indeed much smaller than the measured values, but the pQCD predictions with the inclusion of the vertex corrections can enhance the branching ratios evidently for both B → J/ΨK and B → η c K decays. When the NLO enhancement are included, the pQCD predictions are basically consistent with the data within the still large theoretical errors. Of course, the central values are still about 40% smaller than the measured values. There is still some room left for non-perturbative contributions. Now we investigate in more detail why the vertex corrections can provide a significant enhancement. The total decay amplitudes as given in Eqs. (15) and (17) can be in rewritten in the following form
where F C and F P stands for the "color-suppressed" and the penguin part of the factorizable contribution, coming from the emission diagram Fig.1a and 1b ; while M T and M P stands for the "Tree" and the penguin part of the nonfactorizable contribution, coming from the spectator diagram Fig.1c and 1d . From Eq. (15), for example, it ie easy to separate the total decay amplitude M(B → J/ΨK) into the following four parts
By numerical calculations, we find easily the numerical values (in unit of 10 −3 ) of the individual parts and the total decay amplitude of M(B → J/ΨK) at the LO and NLO level:
and the ratio of the square of the decay amplitude M N LO and M LO is
For B → η c K decay, we find the similar result: R M (B → η c K) = 7.0. From the above numerical results, it is easy to see that
• As generally expected, both the the factorizable penguin contribution ( F P ) and the nonfactorizable part ( M P ) to the total decay amplitude are always small in magnitude ( less than 10%), when compared with the "Tree" and "Color-suppressed" parts (M T and F C ).
• At the leading order, F C = −1.147 is large in size, but largely canceled by the real part of M T ( Re(M T ) = 1.487 ) when one sums up the factorizable and nonfactorizable contributions. This strong cancelation results in a small LO pQCD prediction for the decay rates.
• At the next-to-leading order, the NLO Wilson coefficients will be used. The penguin part F P and M P remain small in magnitude. The variations of M T and M P due to the replacement of the LO Wilson coefficients by the NLO ones are also small as expected 2 . For the "color-suppressed" F C part, however, things become much different. The real part of F C changes from −1.147 to −0.546, the previous large cancelation between the real parts of F C and M T become weak significantly, while a large imaginary part Im(F C ) = −1.433 is also produced. These two changes lead to a large |M N LO | 2 and consequently a large NLO pQCD prediction of the branching ratios.
• Although the NLO pQCD predictions for the branching ratios of the considered decays are consistent with the date within the still large theoretical uncertainties, but the central values of the NLO pQCD predictions, as listed in Table I , are still about 60% of the measured values. Certainly, there are still some room left for the non-perturbative long distance effects or other unknown high order corrections.
• Among the three kinds of known NLO contributions in the pQCD approach, only the vertex corrections are relevant to B → (J/Ψ, η c )K decays and taken into account here. Other possible NLO contributions coming from the Feynman diagrams as shown in Figs.5-7 in Ref. [20] are still unknown at present. But they are generally expected to be the small part of the NLO contributions in the pQCD factorization approach [15, 20] .
• In Ref. [29] , the authors attempted to estimate the soft rescattering effect for B + → J/ΨK + decay and concluded that such effect is comparable in size with the experimental one. But it is worth mentioning that the estimation as presented in Ref. [29] has a very large theoretical uncertainty. We believe that the long distance effects for the considered decays are exist and may be large, but much more careful studies should be made before one can find an reliable estimation about them [6, 12, 13] .
As discussed in previous section, we choose µ 0 = 1.0 GeV as the lower cut-off of the hard scale t. It should be noted that in the considered decay channels, the characteristic hard energy scale maybe smaller than 1 GeV, while all the meson distribution amplitudes are defined at 1 GeV. In the numerical integration, we therefore should set the Wilson coefficients C i (t) = C i (1 GeV) whenever t ≤ 1 GeV to ensure the reliability of our perturbative calculations. Now we turn to study the ratios of the branching ratios for some phenomenologically relevant decay modes. One advantage of the ratios is the possible cancelation of the theoretical uncertainties of individual calculations. Using the data of the measured branching ratios as given in Ref. [1] , the three ratios R exp i
can be defined as the following By comparing the pQCD predictions of the ratios and the measured ones, as listed in Table II , we can see that (a) the consistency between the pQCD prediction for the ratios and the measured ones is improved significantly when the NLO contributions are taken into account; (b) the theoretical uncertainties are still large because of our poor knowledge about the Gegenbauer moments a K 1,2 . In short, from the above pQCD predictions for the branching ratios and the detailed phenomenological analysis, we can conclude that the pQCD predictions for the branching ratios become close to the data due to the significant enhancement of the NLO vertex corrections.
B. CP-violating asymmetries
Now we turn to the evaluations of the CP-violating asymmetries of B → M 2 M 3 decays in pQCD approach. For the charged B meson decays,the direct CP-violating asymmetries A dir CP can be defined as usual. For both B + → J/ΨK + and η c K + decays, there are no direct CP violation, since there is no weak phase appeared in their decay amplitude, as can be seen easily in Eqs. (15) and (17) . This theoretical expectation agrees well with the data [1, 2] : 
where the CP-violating parameter λ CP is
where η f is the CP-eigenvalue of the final states. By using the the input parameters as given in Appendix B, we find the following pQCD predictions
where the dominant error comes fromρ = 0.135
−0.016 andη = 0.349
−0.017 [1] . It is easy to see that the pQCD predictions for CP -violating asymmetries agree perfectly with the experimental measurements [1, 2] .
IV. SUMMARY
In this paper, we calculated the branching ratios and CP-violating asymmetries of the four B → (J/Ψ, η c )K decays by employing the pQCD factorization approach with the inclusion of currently known NLO contributions.
From our numerical calculations and phenomenological analysis, we found the following results:
• The inclusion of the known NLO contributions can result in a factor of five enhancements to the leading order results. The NLO pQCD predictions for the branching ratios are the following 
Although the central values of the pQCD predictions are still 40% smaller than the measured ones, they basically agree with the data within 2σ errors. One can also see that, on the other hand, there are still some room left for the non-perturbative contributions.
• The pQCD predictions for the CP-violating asymmetries of the considered decays also agree perfectly with the data.
• In this paper, only those currently known NLO contributions have been taken into account. To obtain a complete NLO calculations in the pQCD approach, the still missing pieces should be evaluated as soon as possible. 
For the CKM matrix elements, here we adopt the Wolfenstein parametrization for the CKM matrix, and take λ = 0.2257, A = 0.814,ρ = 0.135 andη = 0.349 [1] .
As for B meson wave function, we make use of the same parameterizations as in Ref. [27] . We adopt the model
where ω b is a free parameter and we take ω b = 0.40 ± 0.04 GeV in numerical calculations, and N B = 91.745 is the normalization factor for ω b = 0.40. For the vector J/Ψ meson, we take the wave function as follows,
Here, φ L denote for the twist-2 DA's, and φ t for the twist-3 ones, both of them have experimental and theoretical basis [31] . x represents the momentum fraction of the charm quark inside the charmonium. The J/Ψ meson asymptotic distribution amplitudes read as [31] 
The twist-2 and twist-3 asymptotic distribution amplitudes, φ v and φ s , can be written as [31] , 
